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We consider a wide class of nonlinear canonical quantum systems described by a one-particle 
Schrodinger equation containing a complex nonlinearity. We introduce a nonlinear unitary 
transformation which permits us to linearize the continuity equation. In this way we are able to 
obtain a new quantum system obeying to a nonlinear Schrodinger equation with a real nonlinearity. 
As an application of this theory we consider a few already studied Schrodinger equations as that 
containing the nonlinearity introduced by the exclusion-inclusion principle, the Doebner-Goldin 
equation and others. 
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Let us introduce the density of Lagrangian 

which describes a class of one dimensional nonrelativistic 
and canonical quantum systems. In Eq. (1) the nonlinear 
real potential U[tp, is a functional of the fields ip and 
ip*. We make use of the notation U[a] to indicate that U 
is a functional of the field a and of its spatial derivative, 
that is: 



U[a] = U{ao, ai, 02, 03, • • •) , 



(2) 



with a„ — d" a/dx" and oq = a. 

We will use also the hydrodynamic fields p{x, t) and 
S{x, t) defined as: 



p = ipip* , 
5* 



(3) 
(4) 



which represent respectively the modulo and the phase 
of the field "ip'- 



ip{x, t) — (?-l'^{x, t) exp 



-Six, t) 



(5) 



The evolution equations of the fields a = ip, ip* , p, S can 
be obtained from the action of the system: 



A= Cdxdt 







(6) 



by using the minimal action principle: 

5_A 

S a 

Taking into account that the functional derivative of the 
potential term in the action U[a\ is defined as [1]: 

A / u[a] dxdt^y (-1)" ^ ( 
6a J ^ ' ' dx"- \da„ 



(7) 



U[a]] , (8) 



it is easy to see that the evolution equation of the field 
■0 can be obtained from (7), posing a = ip* and is given 
by the following Schrodinger equation which contains a 
complex nonlinearity: 



i h 



dtp 

In 



2 m dx^ 



W[p, S]ij + iW[p, S]^P . (9) 



The real W[p, S] and the imaginary W[p, S] part are 
given by the following expressions: 

5 f 

W[p, S] = — U[p, S] dxdt , (10) 
Sp J 

The evolution equation for the field p is obtained directly 
from (7), posing a = S (now S is the field canonically 
conjugated to the field — p). We obtain the equation: 



9p I dj,^ 
dt d x 



d_ 

dS 



U[p, S] 



(12) 



where the quantum current j takes the expression; 



3 



71=0 



d 



dx^ \dSn+l 



U[p,S]] . (13) 



We remark that Eq. (12) is the continuity equation and 
the term in the right hand side represents a source for the 
field p. When the conservation of the number of particles 
N — J pdx is required, the hypotesis that the potential 
U[p, S] does not depend on S but only on its derivative 
must be introduced, therefore the Eq. (12) takes the 
form: 



d_p ^ dj^ 
dt dx 



, 



(14) 



We note that Eq. (14) can be obtained directly from (9) 
and from its complex conjugate, performing the standard 



2 



procedure. We can sec that the imaginary part yV{p, S) 
is responsible for the nonhnearity of the expression of the 
current (13). 

Let us introduce the following transformation for the field 



V'(a;, t) t) = U[ip, ip*\ i){x, t) 



(15) 



which allows to eliminate the imaginary part of the evo- 
lution equation of the field which corresponds also to 
linearize the expression of the current . 
The operator W, generating this transformation, is uni- 
tary U"^ = and is defined by: 



exp 



n=0 

1 9" / a 



pdx" \dSn+i 



U[p, S] dx 



(16) 



If we write the field (j) in terms of the hydrodynamic fields 
p, a: 



(j){x, t) 



p^^^{x, t) exp 



- a{x, t) 



(17) 



and, due to the unitarity of the transformation, the mod- 
ulo of (f) is equal to the modulo of the field i^), while the 
phase a is given by: 

(18) 

By accepting the statement made by Feynman and Hi- 
bbs ([2], p. 96): "Indeed all measurements of quantum- 
mechanical systems could be made to reduce eventually 
to position and time measurements", (see also [3]) the 
two wave functions ip and (J) represent the same physical 
system and, as a consequence, we can interpret the Eq. 
(15) as a nonlinear gauge transformation of the function 
described by Eq. (9). 

From Eq. (9) and taking into account the transformation 
(15), it is easy to obtain the following evolution equation 
for the field (p: 



> pdxr^y dSn 
n=0 '- 



du[p^ 
1 a" fdu[p, s] 



-EM) 



71=0 



p dx^^ \ dSn+i 

du[p, sy 



dx 



p dx" V dSn+i 



(19) 



Note that the nonlinearity appearing in Eq. (19) is now 
real. The continuity equation of the system takes the 



form: 



dp^dj^ 
dt dx 



(20) 

where the current has the standard expression of the 
linear quantum mechanics: 



^ m 



(21) 



The gauge transformation (15) and (16) makes real 
the complex nonlinearity in the evolution equation, and 
makes non canonical the new dynamical system. How- 
ever, this transformation may be useful to describe the 
evolution of system by means of an equation containing 
a real nonlinearity. We note that nonlinear transforma- 
tions have been introduced and used systematicaly for 
the first time in order to study nonlinear Schrodinger 
equations as the Doebner-Goldin one in Rcf. [3]. 
Let us apply the proposed transformation to a few al- 
ready known equations describing systems of collectively 
interacting particles. 

The first example is given by the canonical Doebner- 
Goldin equation (ci = — C4 = 1, C2 = C3 — C5 — 0) 
[3, 4] that can be obtained from (1) where the potential 
U[p, S] has the following form: 



U[p,S] = ^{p^S^-pS2) . 



(22) 



A complex nonlinearity is generated in the evolution 
equation of the field ij), with real and imaginary part 
given respectively by: 

Wb,Sl = -mDA(i) , (23) 



2p ox^ 



(24) 



The quantum current takes the form of a Fokker- 
Planck current: 



3^ = —p + Dpi 



(25) 



resulting to be the sum of two terms, the former is a drift 
current while the latter is a Fick current. The generator 
of the transformation U (16) takes the form: 



h{[tjj, ip*] = exp ( — m _D log p 



(26) 



This is a particular case of a class of transformations 
introduced by Doebner and Goldin and permits to write 
the evolution equation: 

at 2m OX-' p^i^ ox^ 

Equation (27) was studied in Rcf. [5]; after rescaling the 
phase: a \/\ — {2mD/h)^ a, it reduces to the hnear 



3 



Schrodinger equation. 

As a second example we consider a nonlinear Schrodinger 
equation, introduced in Ref. [6] , where the complex non- 
linearity is originated by the potential: 



U[p, S] = 



2 \2 



8 m 



2 m 



p'^ Si , 



(28) 



and its real and imaginary part take respectively the 
form: 



W[p, S] = 
S] = 



3r A 



2 \2 



m 



2m 



Pi 



Within this model the quantum current is given by: 

5*1 hX o 

Ji, = — P- P ■ 
^ m 2m 



(29) 
(30) 

(31) 



The generator U of the transformation (16) takes the 
simple form: 



U[il), ip*] = exp 



iX 



pdx 



(32) 



while the evolution equation for the new complex quan- 
tity (j), containing a real nonlinearity takes the form: 



d<t> . 

at 2m ox^ * 



(33) 



The last application is given by a nonlinear Schrodinger 
equation, proposed recently by us [7, 8] , describing a sys- 
tem of particles obeying to an exclusion-inclusion princi- 
ple (EIP), which are originated from a collective interac- 
tion. The potential U[p, S\ in this model is given by: 



U[p, S] = K 



2m 



(34) 



The real and imaginary part of the nonlinearity in the 
evolution equation are: 



and the evolution equation for the field <j) takes the form: 



i h 



1 



dt 



2m dx"^ 



Km 



Am 



d^p 
dx"^ 



p{l + Kp) 

1 fd£ 
p \dx 



(39) 



As a conclusion, it is worth to remark that Eq. (16) de- 
fines a wide class of nonlinear gauge transformations and 
allows to reduce the nonlinearity in the evolution equa- 
tion from complex to real, in several physical systems. 
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W[p, S] = K- 



1 



K p 



W[p,S\ = -.^^(j^ 
2 p ax V 1 

while the current is given by: 



K p 



3^ 



— p{l + Kp) . 

m 



(35) 
(36) 

(37) 



The parameter k quantifies the EIP, which acts as an ex- 
clusion principle (inclusion) if k < (k > 0), since the 
factor 1 + Kp, appearing in the expression of becomes 
an inhibition (enhancement) factor. The gauge transfor- 
mation U is: 



U[i}, V*] = exp ( ^ I pSidx 



(38) 



